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Abstract: We demonstrate that the general D = 3,N = 5 Chern-Simons matter theory
possesses a full OSp(5|4) superconformal symmetry, and construct the corresponding su-
perconformal currents. The closure of the superconformal algebra is verified in detail. We
also show that the conserved OSp(6|4) superconformal currents in the general N = 6 the-
ory can be obtained as special cases of the OSp(5|4) currents by enhancing the R-symmetry
of the N = 5 theory from USp(4) to SU(4).
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1. Introduction
The general N = 5 Chern-Simons matter (CSM) theory, as the dual gauge description
of multi M2-branes was first constructed in Ref. [1]. It was also showed that the same
physical theory can be built up in terms of the symplectic 3-algebra [2, 3].
According to the gauge/M-theory dual, we expect that the N = 5 theory is not
only super poincare invariant but also superconformal invariant1, i.e. it should have a
1In this paper, the super poincare transformations will be denoted as δǫ, satisfying [δǫ1 , δǫ2 ] ∼ Pµ, with
Pµ the translations; and the superconformal transformations will be denoted as δη, satisfying [δη1 , δη2 ] ∼ Kµ,
with Kµ the special conformal transformations. The full super transformations (containing both δǫ and δη)
will be called the OSp(5|4) superconformal transformations.
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full OSp(5|4) superconformal symmetry, just as that the N = 6 ABJM theory [8] has a
complete OSp(6|4) symmetry [4]. But to our knowledge, only the poincare supersymmetry
transformations of the N = 5 theory are given (see [1, 2, 3]) in the literature. The action
of the N = 5 theory is also invariant under scale transformations. However, classical
scale invariance plus super-poincare invariance does not necessarily imply superconformal
invariance. It is therefore important to derive the law of superconformal transformations
of the N = 5 theory, and to verify that the action is invariant under the transformations.
This is completed in Section 2. In addition, we derive the explicit expressions of the
OSp(5|4) superconformal currents. These currents may be useful in that one can use them
to construct the N = 5 M2-brane superconformal algebras, and to study the BPS brane
configurations.
We also verify the closure of the OSp(5|4) superconformal algebra. In the literature,
only the closure of the N = 5 poincare algebra was verified explicitly [2]. Thus our verifi-
cation the OSp(5|4) superconformal algebra will fill this gap. The law of transformations
generated by the bosonic algebra of OSp(5|4) bosonic transformations can be read off from
our calculation of the commutators of two OSp(5|4) superconformal transformations.
On the other hand, since the N = 6 theory is a special case of the N = 5 theory,
one should be able to derive the OSp(6|4) superconformal currents from that of N = 5.
This is indeed the case: We demonstrate that the OSp(6|4) superconformal currents can
be obtained as special cases of the OSp(5|4) ones by enhancing the supersymmetry from
N = 5 to N = 6. In particular, we show that if we choose U(N) × U(N) as the gauge
group, these OSp(6|4) superconformal currents are in agreement with the previous results
derived directly from the ABJM theory [4], as expected.
The OSp(8|4) superconformal currents associated with the N = 8 BLG theory [13, 14]
were first constructed in Ref. [15]. We argue that they can be re-derived as special
examples of the OSp(6|4) currents associated with the general N = 6 theory, since the
N = 6 supersymmetry can be promoted to N = 8 if one chooses the bosonic subalgbra of
PSU(2|2), i.e. SU(2) × SU(2), as the Lie algebra of the gauge symmetry [8].
The paper is organized as follows. In Section 2, we verify that the general N = 5
theory has the full OSp(5|4) superconformal symmetry and construct the corresponding
conserved supercurrents. In Section 3, we derive the OSp(6|4) superconformal currents by
enhancing the R-symmetry from SO(5) to SO(6). In Section 4, the closure of the OSp(5|4)
superconformal algebra is verified. Section 5 is devoted to conclusions. Our conventions
and some useful identities can be found in Appendix A. In Appendix B, we review the
general N = 5 theory. In Appendix C, we present the details of the derivation of the N = 5
super poincare currents associated with the N = 5 theory.
2. OSp(5|4) Superconformal Currents
2.1 General Construction
In this section, we prove that the general N = 5 theory has a full OSp(5|4) symmetry,
and derive the conserved OSp(5|4) superconformal currents. We begin by considering the
poincare supersymmetry transformation of the action (see Appendix B for a review of the
– 2 –
N = 5 theory). We denote the set of parameters of the N = 5 poincare supersymmetry
transformations as ǫI (I = 1, . . . , 5). According to the standard Noether method, if one
allows ǫI to depend on the spacetime coordinates, the super variation of the action (B.1)
must take the form
δǫS =
∫
d3x(−jIµ)∂
µǫI , (2.1)
since if the action is invariant under the N = 5 poincare supersymmetry transformations
(B.5), (2.1) must vanish when ǫI are constants. If the equations of motion are obeyed, the
right hand side of (2.1) must vanish; integrating by parts, we obtain the conserved currents
∂µjIµ = 0. The details of the calculation of (2.1) will be presented in Appendix C. Writing
the super variation of fermionic fields (see (B.5)) as δǫψ
a
A = (δψ)
Ia
A ǫ
I , where
(δψ)IaA ≡ −γ
µDµZ
a
BΓ
I
A
B−
1
3
kmnτ
ma
bω
BCZbBµ
n
CDΓ
I
A
D+
2
3
kmnτ
ma
bω
BDZbCµ
n
DAΓ
I
B
C , (2.2)
(The quantities appeare in (2.2) are defined in Appendix B.) then the N = 5 poincare
supercurrents are given by
jIµ = −iψ¯
A
a γµ(δψ)
Ia
A . (2.3)
As usual, the set of conserved charges are defined as
QI = −
∫
d2xjI0 . (2.4)
If we impose the equal-time commutators
{ψ¯Aa (t, ~x
′), ψbB(t, ~x)} = −δ
A
Bδ
b
aγ
0δ2(x− x′), (2.5)
[ΠAa (t, ~x
′), ZbB(t, ~x)] = −iδ
A
Bδ
b
aδ
2(x− x′), (2.6)
[Πµm(t, ~x
′), Anν (t, ~x)] = −iδ
n
mδ
µ
ν δ
2(x− x′), (2.7)
where ΠAa (t, ~x
′) = D0Z¯
A
a (t, ~x
′) and Πµm(t, ~x′) = ǫλ0µkmpA
p
λ(t, ~x
′), then the variation of an
arbitrary field Φ can be defined as
δǫΦ = [−iǫ
IQI ,Φ]. (2.8)
Here Φ can be a scalar, fermion, or gauge field. It is not difficult to show that (2.8) gives
the law of super poincare transformations (B.5) by using the canonical commutators. For
instance, if Φ = ψbB(t, ~x), using the canonical anti-commutator (2.5), one can easily prove
that (2.8) gives the law of the supersymmetry transformations of the fermionic fields (see
the second equation of (B.5)).
Without changing the physical content, it is possible to introduce the modified currents
j˜Iµ = j
I
µ −
i
4
∂ν(ZaAψ¯
B
a Γ
I
B
A)[γµ, γν ]. (2.9)
The charges remain the same, i.e. QI = −
∫
d2xj˜I0 = −
∫
d2xjI0 , since the total derivative
term in (2.9) does not contribute to the integral. On the other hand, the modified currents
– 3 –
j˜Iµ are also conserved, i.e. ∂
µj˜Iµ = 0, on account of that [γµ, γν ] is antisymmetric in µ and
ν. However, what interests us most is that j˜Iµ are γ-traceless
j˜Iµγ
µ = 0, (2.10)
provided that the equations of motion of the fermionic fields are satisfied 2. This allows us
to define the new currents
s˜Iµ = −j˜
I
µγ · x. (2.11)
Using (2.10) and ∂µj˜Iµ = 0, one can immediately prove that s˜
I
µ are conserved: ∂
µs˜Iµ = 0.
Dimensional analysis suggests that the conserved charges
SI = −
∫
d2xs˜I0 (2.12)
generate the superconformal transformations. Indeed, in Section 4, our calculation shows
that [δη1 , δη2 ] does generate the special conformal transformation Kµ, where δη1 is the
transformation generated by (2.12).
We are now ready to derive the superconformal transformations of the matter fields
and gauge fields. Plugging (2.9) into (2.11), we note that (2.11) can be rewritten as
s˜Iµ = −j
I
µγ · x− iZ
a
Bψ¯
A
a γµΓ
I
A
B + ∂ν
( i
4
ZaAψ¯
B
a Γ
I
B
A[γµ, γν ]x · γ
)
. (2.13)
Notice that the last term is just a total derivative term. As a result, we have the conserved
charges
SI = −
∫
d2xs˜I0 =
∫
d2x
(
jI0γ · x+ iZ
a
Bψ¯
A
a γ0Γ
I
A
B
)
. (2.14)
In analogue to (2.8), we define the superconformal variation an arbitrary field Φ as follows
δηΦ = [−iη
ISI ,Φ], (2.15)
where ηI are a set of parameters, with I = 1, . . . , 5 a fundamental index of SO(5). Using
(2.4)−(2.8), (2.14), and (B.5), one can readily derive the N = 5 superconformal transfor-
mations
δηZ
a
A = iγ · xηA
BψaB,
δηψ
a
A = (δψ)
Ia
A γ · xη
I − ηA
BZaB , (2.16)
δηA
m
µ = i(γ · xη
AB)γµJ
m
AB,
where (δψ)IaA is defined by (2.2), and the set of antisymmetric parameters ηA
B = ηIΓIA
B
(I = 1, . . . , 5) satisfy the traceless conditions and the reality conditions
ωABη
AB = 0, η∗AB = ω
ACωBDηCD. (2.17)
2We only require that the currents j˜Iµ are conserved on-shell.
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Alternatively, we can derive the N = 5 superconformal transformations (2.16) and
currents (2.11) by adopting the method used to construct the N = 6 superconformal
transformations and the corresponding currents of the ABJM theory [4]. Replacing ǫI in
the variation of the action (2.1) by γ · xηI ,
ǫI → γ · xηI , (2.18)
with ηI independent of xµ, a short calculation shows that (2.1) becomes
−
∫
d2x[(jIµγ
µ)ηI ], (2.19)
where jIµ are the super poincare currents (2.3). The remaining term (2.19) can be canceled
by adding
δ′ηψ
a
A = −ηA
BZaB (2.20)
into the transformation of the fermion field. In other words, the action is also invariant un-
der the new transformations, defined by replacing ǫI by γ ·xηI in the N = 5 super poincare
transformations (B.5) and adding the additional term (2.20) into the transformation of the
fermion field. The new transformations defined in this way are nothing but the N = 5
superconformal transformations (2.16). And the corresponding currents, derived by using
the trick ǫI → γ · xηI , are given by
sIµ = −j
I
µγ · x− iZ
a
Bψ¯
A
a γµΓ
I
A
B, (2.21)
which are exactly the same as the first two terms of s˜Iµ defined by (2.13). However, since
the last term of (2.13) is a conserved total derivative term 3, we are led to ∂µsIµ = ∂
µs˜Iµ = 0
and SI = −
∫
d2xsI0 = −
∫
d2xs˜I0. Hence the conserved currents s
I
µ are equivalent to s˜
I
µ
defined by (2.13) or (2.11).
2.2 Currents in the N = 5, USp(2N)× SO(M) Theory
If one specifies the superalgebra (B.2) as OSp(M |2N), or in other words, if one chooses
the bosonic subalgebra of OSp(M |2N) as the Lie algebra of the gauge symmetry, then the
gauge group of the N = 5 theory in Appendix B becomes USp(2N) × SO(M) [1]. The
same theory was constructed in a 3-algebra framework [2, 12]. The N = 5 theory with
USp(2N)×SO(M) gauge group was conjectured to be the gauge description of multi M2-
branes in orbifold C4/Dˆk, where Dˆk is the binary dihedral group [1, 6]; the dual gravity
theory was investigated in Ref. [6].
The details of the construction of the N = 5 theory with USp(2N) × SO(M) gauge
group can be found in Ref. [1, 2]. In this theory, both the scalar field ZkkˆA and spinor
field ψkkˆA take values in the bifundamental representation of USp(2N) × SO(M). (Their
complex conjugates are denoted as Z†A
kˆk
and ψ†A
kˆk
.) Here k = 1, . . . ,M are the SO(M)
3Witting the last term of (2.13) as ∂ν(Aµν), we have ∂
µ∂ν(Aµν) = 0 immediately, due to the fact that
Aµν = −Aνµ.
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indices, and kˆ = 1, . . . , 2N the USp(2N) indices. The USp(2N) gauge potential is denoted
as Aˆµ, while the SO(M) gauge potential is denoted as Aµ. In matrix notation, the law of
N = 5 super poincare transformations (B.5) now reads [1, 2]
δǫZA = iǫA
BψB
δǫψA = −γ
µDµZBǫA
B +
2k
3
ǫA
C(Z[BZ
†BZC] + ZBZ
†
CZ
B)
−
4k
3
ǫB
C(Z[CZ
†BZA] + ZCZ
†
AZ
B)
δǫAµ = ikǫ
ABγµ(ZAψ
†
B + ψBZ
†
A)
δǫAˆµ = −ikǫ
ABγµ(ψ
†
BZA + Z
†
AψB), (2.22)
where k is a constant.
From the second equation of (2.22), we can immediately read off (δψ)IA defined by
(2.2):
(δψ)IA = −γ
µDµZBΓ
I
A
B +
2k
3
ΓIA
C(Z[BZ
†BZC] + ZBZ
†
CZ
B)
−
4k
3
ΓIB
C(Z[CZ
†BZA] + ZCZ
†
AZ
B). (2.23)
And the superconformal transformations (2.16) now become
δηZA = iγ · xηA
BψB
δηψA = (δψ)
I
Aγ · xηA
B − ηA
BZB
δηAµ = ik(γ · xη
AB)γµ(ZAψ
†
B + ψBZ
†
A)
δηAˆµ = −ik(γ · xη
AB)γµ(ψ
†
BZA + Z
†
AψB). (2.24)
The supercurrents (2.9) and (2.11) now become
j˜Iµ = −iTr(ψ
†Aγµ(δψ)
I
A)−
i
4
∂νTr(ψ†BZA)Γ
I
B
A[γµ, γν ], (2.25)
s˜Iµ = −j˜
I
µγ · x, (2.26)
where the trace “Tr” is defined as Tr(ψ†BZA) = ψ
†B
kˆk
ZkkˆA .
3. OSp(6|4) Superconformal Currents
In this section, we will first derive the OSp(6|4) superconformal currents associated with the
general N = 6 theory from the OSp(5|4) currents by enhancing the supersymmetry of the
N = 5 theory to N = 6. As a check, we then will construct the OSp(6|4) superconformal
currents of the ABJM theory [8] by specifying the gauge group as the bosonic part of
U(N |N), and show that they are the same as the ones [4] constructed directly from the
ABJM theory.
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3.1 General Construction
In Ref. [1], it has been shown that if the pseudo-real representation of the bosonic subalge-
bra of (B.2) can be decomposed into (R ⊕ R¯), i.e. a direct sum of complex representation
R and its conjugate representation R¯, then the USp(4) R-symmetry of the N = 5 theory
will be enhanced to SU(4). As a result, the N = 5 supersymmetry will be promoted to
N = 6. (For a 3-algebra approach, see [2, 10].)
Specifically, the authors of Ref. [1] have been able to derive the N = 6 theory from
the N = 5 theory by decomposing the following N = 5 quantities into N = 6 quantities 4:
(ZaA)N=5 =
(
Z¯aA
ωABZ
B
a
)
, (ψaA)N=5 =
(
ωABψ
Ba
−ψ¯Aa
)
, (3.1)
and
(τmab)N=5 =
(
τmab 0
0 −τmba
)
, (ωab)N=5 =
(
0 δa
b
−δab 0
)
. (3.2)
The matrix τmab obeys the reality condition τ
∗ma
b = −τ
mb
a. The reality conditions of the
N = 5 theory (B.4) are decomposed into
Z∗Aa = Z¯
a
A, ψ
∗Aa = ψ¯Aa, (3.3)
which are in agreement with the expected N = 6 ones. In the N = 6 notation, the
“fundamental identity” (B.6) reduces to [1]
kmnτ
ma
[bτ
nc
d] = 0. (3.4)
Using the above decompositions and the identity (A.17), the OSp(5|4) superconformal
currents (2.9) and (2.11) 5 can be expressed in terms of the N = 6 fields as follows
(j˜I
′
µ )N=5 = −iψ¯Aaγµ(δψ)
I′Aa − iψAaγµ(δψ¯)
I′
Aa
−
i
4
[γµ, γν ]∂
ν
(
Z¯aAψ¯BaΓ
I′AB + ZAa ψ
BaΓI
′
AB
)
, (3.5)
(s˜I
′
µ )N=5 = γ · x(j˜
I′
µ )N=5, (3.6)
where
(δψ¯)I
′
Aa = γ
µDµZ
B
a Γ
I′
BA + kmnM
mB
Cτ
nb
aZ
C
b Γ
I′
BA + kmnM
mD
Aτ
mb
aZ
C
b Γ
I′
CD, (3.7)
and (δψ)I
′Aa is the complex conjugate of (δψ¯)I
′
Aa. Here we have used I
′ = 1, . . . , 5 to label
the fundamental index of SO(5). And we have defined the N = 6 “momentum map” and
“current” operators as [1]
MmAB ≡ τ
ma
bZ
A
a Z¯
b
B , J
mAB ≡ τmabZ
A
a ψ
bB , J¯mAB ≡ τ
mb
aZ¯
a
AψbB . (3.8)
4To avoid introducing too many indices, we still use a = 1, . . . , L to label an index of N = 6 gauge group,
(In the N = 5 formulas, a = 1, . . . , 2L.), and use A = 1, . . . , 4 to label an SU(4) index of R-symmetry in
the right hand sides (RHS) of (3.1). We hope this will cause any confusion.
5In Section 2, in particular in Eqs. (2.9) and (2.11), we use I = 1, . . . , 5 to label the SO(5) indices, while
in this section, we use I ′ = 1, . . . , 5 to label the SO(5) indices. However, in this section, we use I = 1, . . . , 6
to label the SO(6) indices. We hope this will not cause any confusion.
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Let us now try to lift the N = 5 currents (3.5) and (3.6) to N = 6 currents. Using
the above decompositions (3.1)−(3.4), and the USp(4) identity (A.17), one can lift the
N = 5 action (B.1) to an N = 6 action with manifest SU(4) R-symmetry (see Ref. [1]
for details). Specifically, the N = 6 action is invariant if we apply the SU(4) R-symmetry
transformations to the N = 6 fields:
δRψ
Aa = −
1
2
ǫIJΣ
IJA
B ψ
Ba, δRψ¯Aa =
1
2
ǫIJΣ
IJB
A ψ¯Ba,
δRZ
A
a = −
1
2
ǫIJΣ
IJA
B Z
B
a , δRZ¯
a
A =
1
2
ǫIJΣ
IJB
A Z¯
a
B , (3.9)
where ǫIJ = −ǫJI are set of parameters (I, J = 1, . . . , 6), and Σ
IJA
B are the SU(4) gen-
erators (see Appendix A.2.3). As a result, the currents j˜I
′
µ → j˜
I′
µ + δRj˜
I′
µ must be also
conserved, namely,
∂µ(j˜I
′
µ + δRj˜
I′
µ ) = ∂
µ(δRj˜
I′
µ ) = 0. (3.10)
Notice that under the SU(4) R-symmetry transformations (3.9), the currents (3.5) trans-
form as
δRj˜
I′
µ = −
1
2
ǫKL(τ
KL)I
′
J j˜
J
µ , (3.11)
where (τKL)I
′
J = δ
LI′δKJ − δ
KI′δLJ are a set of SO(6) matrices, and j˜
J
µ are defined by
replacing the SO(5) gamma matrices ΓJ
′
AB in j˜
J ′
µ (see (3.5)) by the SO(6) gamma matrices
ΓJAB = (Γ
J ′
AB , iωAB)
6. Combining (3.10) and (3.11), one obtains
∂µj˜Jµ = 0. (3.12)
In other words, we now have six copies of conserved currents j˜Jµ ; they take values in the
6 of SU(4). So (3.5) and (3.6) can be promoted to the OSp(6|4) currents of the N = 6
theory:
(j˜Iµ)N=6 = −iψ¯Aaγµ(δψ)
IAa − iψAaγµ(δψ¯)
I
Aa
−
i
4
[γµ, γν ]∂
ν
(
Z¯aAψ¯BaΓ
IAB + ZAa ψ
BaΓIAB
)
, (3.13)
(s˜Iµ)N=6 = γ · x(j˜
I
µ)N=6, (3.14)
where
(δψ¯)IAa = γ
µDµZ
B
a Γ
I
BA + kmnM
mB
Cτ
nb
aZ
C
b Γ
I
BA + kmnM
mD
Aτ
mb
aZ
C
b Γ
I
CD (3.15)
is defined via the second equation of (3.16), i.e. δǫψ¯Aa ≡ (δψ¯)
I
Aaǫ
I ; And (δψ)IAa is the
complex conjugate of (δψ¯)IAa.
Since there are six conserved currents j˜Iµ, one can also lift the N = 5 super poincare
transformations (B.5) to the N = 6 transformations [1]
δǫZ
A
d = −iǫ
ABψ¯Bd,
δǫψ¯Bd = γ
µDµZ
A
d ǫAB + kmnM
mA
Cτ
na
dZ
C
a ǫAB + kmnM
mD
Bτ
ma
dZ
C
a ǫCD,
δǫA
m
µ = −iǫABγµJ
mAB + iǫABγµJ¯
m
AB . (3.16)
6The SO(6) gamma matrices ΓIAB are defined in Appendix A.2.3.
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The parameters ǫAB = ǫ
IΓIAB (I = 1, . . . , 6) satisfy
ǫAB = −ǫBA, ǫ
∗
AB = ǫ
AB =
1
2
εABCDǫCD. (3.17)
Similarly, one can lift the N = 5 superconformal transformations (2.16) to the N = 6
superconformal transformations:
δηZ
A
d = −iγ · xη
ABψBd,
δηψ¯Bd = (δψ¯)
I
Bdγ · xη
I + ηBAZ
A
d ,
δηA
m
µ = −i(γ · xηAB)γµJ
mAB + i(γ · xηAB)γµJ¯
m
AB . (3.18)
The set of parameters ηAB = η
IΓIAB (I = 1, . . . , 6) obey the anti-symmetry and reality
conditions:
ηAB = −ηBA, η
∗
AB = η
AB =
1
2
εABCDηCD. (3.19)
Finally, we would like to comment on the fundamental identity (3.4). It can be under-
stood as the QQ¯Q or Q¯QQ¯ Jacobi identity of the superalgebra [7]:
[Mm,Mn] = CmnsM
s,
[Mm, Qa] = −τmabQ
b, [Mm, Q¯a] = τ
mb
aQ¯b,
{Qa, Q¯b} = τ
ma
bkmnM
n, {Q¯a, Q¯b} = {Q
a, Qb} = 0. (3.20)
So we must select the bosonic subalgebra of (3.20) as the Lie algebra of the gauge group.
One can specify (3.20) as one of the superalgebras [1]
OSp(2|2N), U(M |N), SU(M |N), PSU(M |N). (3.21)
For instance, if we select the bosonic subalgebra of U(N |N) as the Lie algebra of the
gauge symmetry, then the theory will become the well known N = 6 ABJM theory [8].
In particular, if we specify (3.20) as PSU(2|2), whose bosonic part is SU(2)× SU(2), the
supersymmetry will be enhanced to N = 8 [9, 8], and the theory will become the well
known N = 8 BLG theory [13, 14]. So the OSp(8|4) superconformal currents, which were
first constructed by studying the N = 8 BLG theory directly [15], should be also derived as
specific examples of the currents (3.5) and (3.6) associated with the general N = 6 theory.
3.2 Currents in the ABJM Theories
The N = 6 super poincare and superconformal currents of the ABJM theory were first
derived in Ref. [4], by studying the ABJM theory derictly. In this section, we will show
that they can be re-derived as specific examples of the OSp(6|4) currents (3.5) and (3.6)
associated with the general N = 6 theory. To see this, let us first specify the superalgebra
(3.20) as U(M |N). Or in other words, we choose the bosonic subalgebra of U(M |N) as
the Lie algebra of the gauge symmetry. So the gauge group is U(M) × U(N). If M = N ,
it becomes the well-known ABJM theory [8]. The ABJM theory has been conjectured to
be the gauge description of M2-branes probing a C4/Zk singularity.
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We denote the scalar field its complex conjugate as ZAnnˆ and Z¯
nˆn
A , respectively. Here
n = 1, ...,M is a fundamental index of U(M), nˆ = 1, ..., N an anti-fundamental index
of U(N). The fermionic field and its complex conjugate are denoted as ψAnˆn and ψ¯Annˆ,
respectively. The U(M) and U(N) parts of the gauge potential are defined as Aˆµ
kˆ
nˆ and
Aµ
k
n, respectively. With these notations, the hermitian inner product of two matter fields
can be written as a trace:
X¯ nˆnYnnˆ ≡ Tr(X¯Y ). (3.22)
In order to compare our results with that of Ref. [4], from now on, we assume that
both n and nˆ run from 1 to N .
In matrix notation, the N = 6 super poincare transformations (3.16) for the U(N)×
U(N) theory are given by 7:
δǫZ
A = −iǫABψ¯B ,
δǫψ¯B = γ
µDµZ
AǫAB + k(Z
C Z¯CZ
A − ZAZ¯CZ
C)ǫAB + 2kZ
CZ¯BZ
DǫCD,
δǫAˆµ = −ikǫABγµψ
BZA + ikǫABγµZ¯Aψ¯B , (3.23)
δǫAµ = ikǫABγµZ
AψB − ikǫABγµψ¯BZ¯A,
where k is a constant. Writting the second equation as δǫψ¯B = (δψ¯)
I
Bǫ
I , with
(δψ¯)IB = γ
µDµZ
AΓIAB + k(Z
C Z¯CZ
A − ZAZ¯CZ
C)ΓIAB + 2kZ
CZ¯BZ
DΓICD, (3.24)
the superconformal transformations (3.18) now read:
δηZ
A = −iγ · xηABψB ,
δηψ¯B = (δψ¯)
I
Bdγ · xη
I + ηBAZ
A,
δηAˆµ = −ik(γ · xηAB)γµψ
BZA + ik(γ · xηAB)γµZ¯Aψ¯B , (3.25)
δηAµ = ik(γ · xηAB)γµZ
AψB − ik(γ · xηAB)γµψ¯BZ¯A.
And the currents (3.5) and (3.6) now become
(j˜Iµ)ABJM = −iTr[ψ¯Aγµ(δψ)
IA]− iTr[ψAγµ(δψ¯)
I
A]
−
i
4
[γµ, γν ]∂
ν
[
Tr(Z¯Aψ¯B)Γ
IAB +Tr(ZAψB)ΓIAB
]
, (3.26)
(s˜Iµ)ABJM = γ · x(j˜
I
µ)ABJM , (3.27)
Define
(jIµ)ABJM = −iTr[ψ¯Aγµ(δψ)
IA]− iTr[ψAγµ(δψ¯)
I
A], (3.28)
BIµν ≡ −
i
4
[γµ, γν ]
[
Tr(Z¯Aψ¯B)Γ
IAB +Tr(ZAψB)ΓIAB
]
= −BIνµ, (3.29)
then (3.26) and (3.27) can be written as
(j˜Iµ)ABJM = (j
I
µ)ABJM + ∂
ν(BIµν) (3.30)
(s˜Iµ)ABJM = γ · x(j
I
µ)ABJM − i
[
Tr(Z¯Aγµψ¯B)Γ
IAB +Tr(ZAγµψ
B)ΓIAB
]
+∂ν(γ · xBIµν). (3.31)
7We refer the reader to Ref. [1] for the computational details.
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The above OSp(6|4) currents for the ABJM theory are in agreement8 with the ones con-
structed in Ref. [4], since they are only up conserved total derivative terms. Indeed, both
the last term of (3.30) and the last term of (3.27) are total derivative terms, and satisfy
∂µ∂ν(BIµν) = ∂
µ∂ν(γ · xBIµν) = 0 on account of the fact that B
I
µν = −B
I
νµ.
Similarly, one can also derive theOSp(6|4) currents associated with theN = 6, Sp(2N)×
U(1) theory [1, 16].
4. Closure of the OSp(5|4) Superconformal algebra
The closure of the N = 5 super poincare algebra was checked in our previous work [2]. In
this section we will check the closure of the full OSp(5|4) superconformal algebra.
Let us begin by considering the scalar fields. In Ref. [2], it was shown that9
[δǫ1 , δǫ2 ]Z
a
A = v
µ
1DµZ
a
A + Λ˜
a
1bZ
b
A, (4.1)
where δǫ1 and δǫ2 are two super poincare transformations, and
vµ1 ≡ −
i
2
ǫBD2 γ
µǫ1BD = −2iǫ
I
2γ
µǫI1, (4.2)
Λ˜a1b ≡ Λ
cd
1 kmnτ
m
cdτ
na
b, (4.3)
Λcd1 ≡ −
i
2
ZcDZ
d
C(ǫ
CE
1 ǫ2E
D − ǫCE2 ǫ1E
D) = −2iZcDZ
d
CΓ
IJCDǫI2ǫ
J
1 (4.4)
where I = 1, . . . , 5 is a fundamental index of SO(5), and
ΓIJCD =
1
4
(ΓICAΓJA
D − ΓJCAΓIA
D) (4.5)
are a set of USp(4) generators, with the SO(5) matrices ΓJA
D defined in Appendix A.2.2.
Notice that the first term of Eq. (4.1) is the gauge covariant translation, while the second
term is a gauge transformation.
Having (4.1), it is much easier to evaluate the commutator
[δη1 , δǫ2 ]Z
a
A, (4.6)
where δη1 is an N = 5 superconformal transformation defined by (2.16). If fact, following
the idea of Ref. [4], we have shown that the superconformal transformations (2.16) can be
obtained from the poincare transformations (B.5) by replacing the parameters ǫ with γ ·xη
and adding
δ′η1ψ
a
A = −η1A
BZaB (4.7)
8Notice that our reality condition is ǫ∗AB = ǫ
AB = 1
2
εABCDǫCD, while in [4], it is defined by ǫ
†
AB =
ǫAB = 1
2
εABCDǫCD.
9In Ref. [2], we worked in the symplectic 3-algebra framework. Here we present a Lie algebra version of
the closure of the super poincare algebra, by converting the 3-algebra description into the conventional Lie
algebra, using the method described in Ref. [3]. The key point is that the 3-algebra structure constants
fabc
d can be constructed in terms of the tensor product on the superalgebra (B.2): fabc
d = kmnτ
m
abτ
nd
c [3].
(One may also use certain curvature tensors to construct the 3-algebras [11].)
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into the variation of the fermion fields (see Section 2.1). Using this idea and Eq. (4.1), we
have immediately
[δη1 , δǫ2 ]Z
a
A = v
µ
2DµZ
a
A + Λ˜
a
2bZ
b
A − iǫ2A
Bη1B
CZaC . (4.8)
Here v2 is obtained from v1 by the replacing ǫ1 in v1 with γ ·xη1, and Λ˜
a
2b is obtained from
Λ˜a1b by the replacing ǫ1 in Λ˜
a
1b with γ · xη1, i.e.
vµ2 ≡ −2iǫ
I
2γ
µ(γ · xηI1) (4.9)
Λ˜a2b ≡ Λ
cd
2 kmnτ
m
cdτ
na
b = Λ
m
2 kmnτ
na
b, (4.10)
Λcd2 ≡ −2iZ
c
DZ
d
CΓ
IJCDǫI2(γ · xη
J
1 ). (4.11)
The last term of (4.8) is a direct consequence of (4.7). Notice that Eq. (4.8) is a gauge
covariant equation. On the other hand, after some algebra, we find that (4.7) can be
written as
[δη1 , δǫ2 ]Z
a
A = −2i(ǫ
I
2η
I
1)(x
µ∂µ +
1
2
)ZaA − 2(ǫ
I
2γ
µνηI1)(xµ∂ν − xν∂µ)Z
a
A
−2i(ǫI2η
J
1 )Γ
IJ
A
BZaB + (Λ˜
a
2b + v
µ
2A
m
µ τm
a
b)Z
b
A, (4.12)
where
γµν = −
i
4
[γµ, γν ]. (4.13)
The first three terms are scale, Lorentz, and USp(4) R-symmetry transformations, respec-
tively; the last term is a gauge transformation by the parameter (Λ˜a2b + v
µ
2A
m
µ τm
a
b). In
particular, the first term indicates that the dimension of ZaA is
1
2 .
Similarly, applying the replacement ǫ2 → γ · xη2 to the RHS of (4.8), and taking
account of (4.7), we obtain
[δη1 , δη2 ]Z
a
A = v
µ
3DµZ
a
A + Λ˜
a
3bZ
b
A − i(γ · xη2A
B)η1B
CZaC + i(γ · xη1A
B)η2B
CZaC , (4.14)
where
vµ3 ≡ −2i[(γ · xη
I
2)γ
µ(γ · xηI1)] (4.15)
Λ˜a3b ≡ Λ
cd
3 kmnτ
m
cdτ
na
b = Λ
m
3 kmnτ
na
b, (4.16)
Λcd3 ≡ −2iZ
c
DZ
d
CΓ
IJCD[(γ · xηI2)(γ · xη
J
1 )]. (4.17)
Notice that Eq. (4.14) is manifestly gauge covariant. Also, after some work, we obtain
[δη1 , δη2 ]Z
a
A = 2(η
I
1γ
νηI2)[(−2ixνx
µ∂µ + ix
2∂ν)Z
a
A − ixνZ
a
A]
+(Λ˜a3b + v
µ
3 A˜
a
µb)Z
b
A. (4.18)
We see that the first line is the standard special superconformal transformation, while the
second line is just a gauge transformation.
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Let us now check the gauge fields. In Ref. [2], it was shown that
[δǫ1 , δǫ2 ]A
m
µ = v
ν
1F
m
νµ −DµΛ
m
1
+vν1 [F
m
µν − εµνλ(Z
a
AD
λZAb −
i
2
ψ¯BaγλψbB)τ
m
ab ], (4.19)
where Λm1 = Λ
ab
1 τ
m
ab , and Λ
ab
1 is defined by (4.4). The second term of the first line is a
gauge transformation. And the second line is the equations of motion for the gauge fields.
In order to use the ǫ1 → γ · xη1 trick, we must rewrite (4.19) as
[δǫ1 , δǫ2 ]A
m
µ = v
ν
1F
m
νµ − (ǫ
I
2ǫ
J
1 )Dµ(−2iZ
a
AZ
b
BΓ
IJABτmab) + EOM, (4.20)
since ǫI2 and ǫ
J
1 are constant parameters. (“EOM” stands for “equations of motion”.)
Applying the replacement ǫ1 → γ · xη1 to the RHS of (4.20), and tacking account of (4.7),
one obtains
[δη1 , δǫ2 ]A
m
µ = v
ν
2F
m
νµ − (ǫ
I
2γ · xη
J
1 )Dµ(−2iZ
a
AZ
b
BΓ
IJABτmab)
+i[ǫAB2 γµ(−η1B
CZbC)]Z
a
Aτ
m
ab + EOM
= vν2F
m
νµ −DµΛ
m
2 + EOM, (4.21)
where Λm2 is defined by (4.10). It can be recast into the form
[δη1 , δǫ2 ]A
m
µ = −2i(ǫ
I
2η
I
1)(x
µ∂µ + 1)A
m
µ
−2i(ǫI2γ
ρσηI1)[−i(xρ∂σ − xσ∂ρ)A
m
µ + (Sρσ)µ
νAmν ]
−Dµ(Λ
m
2 + v
ν
2A
m
ν ) + EOM, (4.22)
where
(Sρσ)µ
ν = i(ησµδ
ν
ρ − ηρµδ
ν
σ). (4.23)
The first and second lines are scale and Lorentz transformations respectively, while the
first term of the third line is a gauge transformation by the parameter (Λm2 + v
ν
2A
m
ν ), as
expected. The first line indicates that the dimension of Amµ is 1.
Similarly, after writing −DµΛ
m
2 in (4.21) as
−DµΛ
m
2 = −(ǫ
I
2γνη
J
1 )Dµ(−2ix
νZcDZ
d
CΓ
IJCDτmab), (4.24)
one can calculate [δη1 , δη2 ]A
m
µ by applying the replacement ǫ2 → γ · xη2 to the RHS of
(4.21), while taking account of (4.7). After some algebraic steps, we obtain the desired
results
[δη1 , δη2 ]A
m
µ
= vν3F
m
νµ −DµΛ
m
3 (4.25)
= 2(ηI1γ
νηI2)[(−2ixνx
ρ∂ρ + ix
2∂ν)A
m
µ − 2ixνA
m
µ − 2x
ρ(Sρν)µ
σAmσ )] (4.26)
−Dµ(Λ
m
3 + v
ν
3A
m
µ ) + EOM,
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where vν3 , Λ
m
3 , and (Sρν)µ
σ are defined by (4.15), (4.16), and (4.23), respectively. It can be
seen that the first line of (4.26) is the standard special conformal transformation.
Finally, we examine the fermion fields. In Ref. [2], it has been checked that
[δǫ1 , δǫ2 ]ψ
a
A = v
µ
1Dµψ
a
A + Λ˜
a
1bψ
b
A
+
i
2
(ǫBC1 ǫ2BA − ǫ
BC
2 ǫ1BA)E
a
C
−
1
2
vν1γνE
a
A. (4.27)
The last two lines are the equations of motion for fermionic fields, i.e. EaA = 0, where
EaA = γ
µDµψ
a
A − kmnτ
m
cdτ
na
bZ
b
BZ
BcψdA + 2kmnτ
m
cdτ
na
bZ
b
BZ
c
Aψ
Bd. (4.28)
One can examine [δη1 , δǫ2 ]ψ
a
A and [δη1 , δη2 ]ψ
a
A, using the same strategy applied to the
scalar and gauge fields. First, we have
[δη1 , δǫ2 ]ψ
a
A = v
µ
2Dµψ
a
A + Λ˜
a
2bψ
b
A
−i(ψaCγ
µη1B
C)(γµǫ2A
B) + iη1A
B(ǫ2B
CψaC) (4.29)
+EOM
Using the Fierz transformations (A.5), one can recast the above equation as
[δη1 , δǫ2 ]ψ
a
A = −2i(ǫ
I
2η
I
1)(x
µ∂µ + 1)ψ
a
A
−2(ǫI2γ
µνηI1)(xµ∂ν − xν∂µ + iγµν)ψ
a
A
−2i(ǫI2η
J
1 )Γ
IJ
A
BψaB
+(Λ˜a2b + v
µ
2A
m
µ τm
a
b)ψ
b
A + EOM. (4.30)
The first three lines are scale, Lorentz, and USp(4) R-symmetry transformations, while
the last line is a gauge transformation and the equations of motion. The first line indicates
that the dimension of the fermion field is 1.
Finally, we have
[δη1 , δη2 ]ψ
a
A
= 2(ηI1γ
νηI2)[(−2ixνx
µ∂µ + ix
2∂ν)Z
a
A + (−2ixν − 2x
µγµν)ψ
a
A]
+(Λ˜a3b + v
µ
3 A˜
a
µb)ψ
b
A
+EOM. (4.31)
It can be seen that the first line is the special conformal transformation, while the second
line is a gauge transformation. Using the fact that vµ3 can be written as
vµ3 = −4i(η
I
1γ
νηI2)xνx
µ + 2i(ηI1γ
µηI2)x
2, (4.32)
Eq. (4.31) can be convert into the manifestly covariant form:
[δη1 , δη2 ]ψ
a
A
= 2(ηI1γ
νηI2)[(−2ixνx
µDµ + ix
2Dν)Z
a
A + (−2ixν − 2x
µγµν)ψ
a
A]
+Λ˜a3bψ
b
A
+EOM. (4.33)
– 14 –
5. Conclusions
In this paper, we have verified that the general N = 5 theory has a complete OSp(5|4)
superconformal symmetry, and constructed the corresponding conserved supercurrents; we
have also derived the super currents in the N = 5, USp(2N)×SO(M) as special examples.
The OSp(5|4) superconformal algebra was shown to be closed on shell. These OSp(5|4)
superconformal currents may be useful in constructing the M2-brane superconformal alge-
bras, and in studying the BPS brane configurations.
We have demonstrated that the OSp(6|4) superconformal currents associated with the
general N = 6 theory can be obtained as special cases of the OSp(5|4) superconformal
currents by promoting the USp(4) R-symmetry to SU(4). Specifying the gauge group
as U(N) × U(N), we have been able to rederive the OSp(6|4) superconformal currents
associated with the ABJM theory which were first constructed in Ref .[4].
We have also argued that the OSp(8|4) superconformal currents associated with the
N = 8 BLG theory [15] can be re-derived as the special cases of the general OSp(6|4)
currents by enhancing the SU(4) R-symmetry to SO(8). However, it would be nice to
prove this relation explicitly.
In this paper, we have worked in an ordinary Lie algebra framework. However, it would
be nice to construct all these supercurrents in a 3-algebra framework.
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A. Conventions and Useful Identities
The conventions and identities of this appendix are mainly adopted from Ref. [3].
A.1 Spinor Algebra
In 1 + 2 dimensions, the gamma matrices are defined as
(γµ)α
γ(γν)γ
β + (γν)α
γ(γµ)γ
β = 2ηµνδα
β. (A.1)
For the metric we use the (−,+,+) convention. The gamma matrices in the Majorana
representation can be defined in terms of Pauli matrices: (γµ)α
β = (iσ2, σ1, σ3), satisfying
the important identity
(γµ)α
γ(γν)γ
β = ηµνδα
β + εµνλ(γ
λ)α
β. (A.2)
We also define εµνλ = −εµνλ. So εµνλε
ρνλ = −2δµ
ρ. We raise and lower spinor indices
with an antisymmetric matrix ǫαβ = −ǫ
αβ, with ǫ12 = −1. For example, ψ
α = ǫαβψβ
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and γµαβ = ǫβγ(γ
µ)α
γ , where ψβ is a Majorana spinor. Notice that γ
µ
αβ = (l,−σ
3, σ1) are
symmetric in αβ. A vector can be represented by a symmetric bispinor and vice versa:
Aαβ = Aµγ
µ
αβ , Aµ = −
1
2
γαβµ Aαβ . (A.3)
We use the following spinor summation convention:
ψχ = ψαχα, ψγµχ = ψ
α(γµ)α
βχβ, (A.4)
where ψ and χ are anti-commuting Majorana spinors. In 1 + 2 dimensions the Fierz
transformations are
(λχ)ψ = −
1
2
(λψ)χ−
1
2
(λγνψ)γ
νχ. (A.5)
Finally, we define
γµν = −
i
4
[γµ, γν ]. (A.6)
A.2 SO(4), SO(5), and SO(6) Gamma Matrices
A.2.1 SO(4) Gamma Matrices
We define the 4 sigma matrices as
σaA
B˙ = (σ1, σ2, σ3, il), (A.7)
by which one can establish a connection between the SU(2) × SU(2) and SO(4) group.
These sigma matrices satisfy the following Clifford algebra:
σaA
C˙σb†C˙
B + σbA
C˙σa†C˙
B = 2δabδA
B, (A.8)
σa†A˙
CσbC
B˙ + σb†A˙
CσaC
B˙ = 2δabδA˙
B˙ . (A.9)
We use antisymmetric matrices
ǫAB = −ǫ
AB =
(
0 −1
1 0
)
and ǫA˙B˙ = −ǫ
A˙B˙ =
(
0 1
−1 0
)
(A.10)
to raise or lower un-dotted and dotted indices, respectively. For example, σa†A˙B =
ǫA˙B˙σa†B˙
B and σaBA˙ = ǫBCσaC
A˙. The sigma matrix σa satisfies a reality condition
σa†A˙
B = −ǫBCǫA˙B˙σ
a
C
B˙ , or σa†A˙B = −σaBA˙. (A.11)
A.2.2 SO(5) Gamma Matrices
We define the SO(5) gamma matrices as 10
ΓaA
B =
(
0 σa
σa† 0
)
, Γ5A
B = (Γ1Γ2Γ3Γ4)A
B . (A.12)
10To avoid introducing too many indices, we still use the capital letters A,B, . . . to label the USp(4)
indices. We hope this will not cause any confusion.
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Notice that ΓIA
B (I = 1, . . . , 5) are Hermitian, satisfying the Clifford algebra
ΓIA
CΓJC
B + ΓJA
CΓIC
B = 2δIJδA
B. (A.13)
We use an antisymmetric matrix ωAB = −ω
AB to lower and raise indices; for instance
ΓIAB = ωACΓIC
B . (A.14)
It can be chosen as the charge conjugate matrix:
ωAB =
(
ǫAB 0
0 ǫA˙B˙
)
. (A.15)
(Recall that A and B˙ of the RHS run from 1 to 2.)
By the definition (A.12) and the convention (A.14), the gamma matrix ΓI is antisym-
metric and traceless, and satisfies a reality condition
ΓIAB = −ΓIBA , ΓIA
A = 0 and ΓI∗AB = Γ
IAB = ωACωBDΓICD. (A.16)
There is a useful USp(4) identity
εABCD = −ωABωCD + ωACωBD − ωADωBC . (A.17)
A.2.3 SO(6) Gamma Matrices
Define the first five gamma matrices as the SO(5) gamma matrices (A.13), and define
Γ6AB = iωAB and Γ
6AB = iωAB (see (A.15) for the definition of ωAB), we then have the
Clifford algebra11
ΓIABΓ
JBC + ΓJABΓ
IBC = −2δIJδCA , (A.18)
where I, J = 1, . . . , 6. The gamma matrices ΓIAB satisfy the antisymmetry and reality
conditions
ΓIAB = −ΓIBA, ΓI∗AB = Γ
IAB =
1
2
εABCDΓICD. (A.19)
The SU(4) generators are defined as
ΣIJA
B =
1
4
(ΓIACΓ
JCB − ΓJACΓ
ICB). (A.20)
B. A review of the N = 5 theory
The N = 5 action is given by [1, 3]
L =
1
2
(−DµZ¯
A
a D
µZaA + iψ¯
A
a γµD
µψaA)−
i
2
ωABωCDkmn(J
m
ACJ
n
BD − 2J
m
ACJ
n
DB)
+
1
2
ǫµνλ(kmnA
m
µ ∂νA
n
λ +
1
3
CmnpA
m
µ A
n
νA
p
λ) (B.1)
+
1
30
Cmnpµ
mA
Bµ
nB
Cµ
pC
A +
3
20
kmpkns(τ
mτn)abZ
AaZbAµ
pB
Cµ
sC
B.
11In order to avoid introducing too many indices, here we still use I to label the SO(6) indices, while in
Appendix A.2.2, we use it to label the SO(5) indices. We hope this will not cause any confusion.
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Here A = 1, . . . , 4 is a fundamental index of the USp(4) R-symmetry group, and ωAB is the
antisymmetric form of USp(4), satisfying ωABω
BC = δCA . The gauge group index a runs
from 1 to 2L, and the algebra of the gauge group must be chosen as the bosonic subalgebra
of the superalgebra,
[Mm,Mn] = CmnsM
s, [Mm, Qa] = −τ
m
abω
bcQc, {Qa, Qb} = τ
m
abkmnM
n, (B.2)
where kmn = knm and ωab = −ωba are invariant forms on the superalgebra. The inverse
of ωab is denoted as ω
bc, satisfying ωabω
bc = δca; and we use ω to lower or raise indices
(for instance, τmab = ωacτ
mc
b). We also use kmn to lower indices; for instance, Cmnp =
kmqknsC
qs
p. Following Ref. [5], in (B.1), we have defined the “momentum map” and
“current” operators as
µmAB ≡ τ
m
abZ
a
AZ
b
B , J
m
AB ≡ τ
m
abZ
a
Aψ
b
B . (B.3)
The matter fields satisfy the reality conditions
Z¯Aa = Z
∗a
A = ω
ABωabZ
b
B, ψ¯
A
a = ψ
∗a
A = ω
ABωabψ
b
B . (B.4)
The N = 5 super poincare symmetry transformations are given by
δǫZ
a
A = iǫA
BψaB ,
δǫψ
a
A = −γ
µDµZ
a
BǫA
B −
1
3
kmnτ
ma
bω
BCZbBµ
n
CDǫA
D +
2
3
kmnτ
ma
bω
BDZbCµ
n
DAǫB
C ,
δǫA
m
µ = iǫ
ABγµJ
m
AB. (B.5)
The set of antisymmetric parameters ǫA
B = ǫIΓIA
B (I = 1, . . . , 5) are required to obey the
traceless conditions and the reality conditions
ωABǫ
AB = 0, ǫ∗AB = ω
ACωBDǫCD.
(The SO(5) gamma matrices ΓIA
B are defined in Appendix A.2.2.)
The reason for choosing the bosonic subalgebra of (B.2) as the algebra of gauge sym-
metry is the following: In constructing the N = 4 theory of Gaiotto and Witten (GW)
[5], GW showed that in order to promote the supersymmetry from N = 1 to N = 4, the
representation matrices of the algebra of gauge symmetry must satisfy the “fundamental
identity”
kmnτ
m
(abτ
n
c)d = 0. (B.6)
GW [5] solved the above equation by converting it into the QQQ Jacobi identity of the
superalgebra (B.2). Eq. (B.6) must also hold in the N = 5 theory, since the N = 5 theory
can be derived as a special case of the N = 4 theory [1]. The superalgebra (B.2) can be
specified as one of the superalgebras
U(M |N), OSp(M |2N), OSp(2|2N), F (4), G(3), D(2|1;α), (B.7)
where α is a continuous parameter.
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C. Derivation of the N = 5 Super Poincare Currents
In this Appendix, we will construct the N = 5 super poincare currents by using the
Noether method. According to our discussion in Section 2.1, we expect that under the
super poincare transformations (B.5), the variation of the N = 5 action (B.1) takes the
form
δǫS =
∫
d3x(−jIµ)∂
µǫI , (C.1)
where the set of parameters ǫI (I = 1, . . . , 5) are allowed to depend on the spacetime
coordinates xµ. Let us begin by calculating the variations of the kinematic terms of matter
fields. They are given by
δǫ(−
1
2
DµZ¯
A
a D
µZaA) = −∂
µ(DµZ¯
A
a δǫZ
a
A)
+iǫA
BψaBD
2Z¯Aa
+iǫA
BγµJ
mA
BDµZ¯
C
a τm
a
bZ
b
C (C.2)
and
δǫ(
i
2
ψ¯Aa γµD
µψaA)
= −
i
2
∂µ(ψ¯
A
a γ
µδǫψ
a
A)
+iψ¯Aa γ
µ(δψ)IaA ∂µǫ
I
−iǫA
Bψ¯AaD
2ZaB + ǫA
BγµνJmB
AFmµν
+
i
3
(ǫA
Bγµψ¯Aa )τ
ma
bDµ(Z
b
Cµ
C
mB)−
2i
3
(ǫA
Bγµψ¯Ca )τ
ma
bDµ(Z
b
Bµ
A
mC)
−(ǫA
Bτm
a
bψ
b
C)(ψ¯
C
a J
mA
B), (C.3)
where γµν is defined by (A.6), and (δψ)IaA is defined via the δǫψ
a
A = (δψ)
Ia
A ǫ
I , i.e.
(δψ)IaA ≡ −γ
µDµZ
a
BΓ
I
A
B−
1
3
kmnτ
ma
bω
BCZbBµ
n
CDΓ
I
A
D+
2
3
kmnτ
ma
bω
BDZbCµ
n
DAΓ
I
B
C . (C.4)
The super poincare variation of the Chern-Simons term is given by
δǫLCS =
1
2
ǫµνλkmn∂ν(A
m
µ δǫA
n
λ)
+ǫA
BγµνkmnJ
mA
BF
n
µν . (C.5)
Writing the Yukawa terms in (B.1) as
LY =
i
2
J AmCJ
m
A
C − iJ AmCJ
mC
A, (C.6)
then
δǫLY = τ
m
ab(ǫA
BψaB)(J
AC
m ψ
b
C − 2ψ
b
CJ
CA
m )
+iτmab(ǫA
BγµJmC
A)ZCaDµZ
b
B − 2iτ
m
ab (ǫA
BγµJmAC)Z
CaDµZ
b
B
+
i
3
(τmτn)abǫAB
(
JmCBZaCZ
b
Dµ
nDA − 2JmBCZaCZ
b
Dµ
nDA
+2JmCDZaCZ
BbµnD
A − 4JmCDZaDZ
BbµnC
A
)
, (C.7)
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with
(τmτn)ab = τmacτn
c
b =
1
2
({τm, τn}ab + [τm, τn]ab) = (τmτn)[ab] +
1
2
Cmnpτ
p
ab. (C.8)
Finally, the super variation of the potential reads
δǫLpot =
i
10
CmnpǫABJ
mCBµnADµ
pD
C
−
3i
5
(τmτn)[ab]ǫABJ
mCB(ZaDZ
AbµnDC + Z
DaZbDµ
nA
C). (C.9)
Dropping the total derivative terms, and adding everything together, we obtain
δǫS =
∫
d3x
[
iψ¯Aa γ
µ(δψ)IaA ∂µǫ
I+(ψ3Z terms)+(ψ(DZ)Z2 terms)+(ψZ5 terms)
]
. (C.10)
Here we use “ψ3Z terms” to represent all terms that are third order in ψ and first order
in Z, and “ψZ5 terms” has a similar meaning. And we use “ψ(DZ)Z2 terms” to present
all terms that are proportional to ψ(DZ)Z2, with D the covariant derivative.
We will prove that
0 = (ψ3Z terms) = (ψ(DZ)Z2 terms) = (ψZ5 terms). (C.11)
Let us first prove that all the ψ3Z terms cancel; they are given by (see the last line of (C.3)
and the first line of (C.7))
− (ǫA
Bτm
a
bψ
b
C)(ψ¯
C
a J
mA
B) + τ
m
ab(ǫA
BψaB)(J
AC
m ψ
b
C − 2ψ
b
CJ
CA
m ). (C.12)
To prove that (C.12) vanishes, we need the following two key identities
ω[ABωCDωEF ] = 0, (C.13)
ǫ[αβǫγδ] = 0. (C.14)
Using the USp(4) identity (A.17), one can show that (C.13) is equivalent to the well-known
identity:
εGABCε
GDEF = 3!δ
[A
D δ
B
E δ
C]
F . (C.15)
Also, notice that (C.14) is equivalent to
(ψ1ψ2)ψ3 + (ψ2ψ3)ψ1 + (ψ3ψ1)ψ2 = 0, (C.16)
where ψ1, ψ2, and ψ3 are arbitrary spinors.
Multiplying both sides of (C.13) by the parameters ǫEF , one obtains the identity
ω[ABǫCD] = 0. (C.17)
Multiplying both sides of (C.17) by τmabψ
Ba(ψDbJ CAm ), we have
0 = −τmab(ǫABψ
Ca)(ψBbJ AmC − ψ
b
CJ
AB
m − ψ
BbJmC
A)
+τmab(ǫABψ
Ba)(ψAbJmC
C + ψbCJ
CA
m + ψ
CbJ AmC). (C.18)
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Using (C.16), the last term of the first line of (C.18) can be converted into:
τmab(ǫABψ
Ca)ψBbJmC
A = −τmab(ǫABψ
Bb)(ψCaJmC
A)− τmab(ǫABJmC
A)(ψBbψCa) (C.19)
Using the fundamental identity kmnτ
m
(abτ
n
c)d = 0 (see (B.6)), the second term of the RHS of
(C.19) can be decomposed into two terms:
−τmab(ǫABJmC
A)(ψBbψCa) = −τmab(ǫABψ
Ba)(ψAbJmC
C + ψCbJmC
A). (C.20)
Combining (C.18)−(C.20) gives
τmab [(ǫABψ
Ca)(ψbCJ
AB
m − ψ
BbJ AmC) + (ǫABψ
Bb)(3ψaCJ
CA
m + ψ
CbJ AmC)] = 0. (C.21)
Notice that the second term of (C.21) has the two different expressions:
− τmab(ǫABψ
Ca)(ψBbJ AmC) = τ
m
ab [(ǫABJ
AC
m )(ψ
BaψbC) + (ǫABψ
Ca)(ψbCJ
AB
m )] (C.22)
= −τmab [(ǫABJ
AC
m )(ψ
BaψbC)− (ǫABψ
Ba)(ψbCJ
AC
m )].
We have used (B.6) and (C.16) to derive the first line and the second line, respectively.
Taking the average of the two lines of (C.22) gives
−τmab(ǫABψ
Ca)(ψBbJ AmC) =
1
2
τmab [(ǫABψ
Ca)(ψbCJ
AB
m ) + (ǫABψ
Ba)(ψbCJ
AC
m )]. (C.23)
Plugging (C.23) into (C.21), one obtains
3
2
τmab [(ǫABψ
Bb)(2ψaCJ
CA
m + ψ
CbJ AmC) + (ǫABψ
Ca)(ψbCJ
AB
m )] = 0. (C.24)
Notice that the left hand side is proportional to (C.12), so (C.12) does vanish, i.e. all ψ3Z
terms cancel.
Let us now try to prove that the ψ(DZ)Z2 terms cancel; they are given by the last
line of (C.2), the fourth line of (C.3), and the second line of (C.7):
+iǫA
BγµJ
mA
BDµZ¯
C
a τm
a
bZ
b
C
+
i
3
(ǫA
Bγµψ¯Aa )τ
ma
bDµ(Z
b
Cµ
C
mB)−
2i
3
(ǫA
Bγµψ¯Ca )τ
ma
bDµ(Z
b
Bµ
A
mC)
+iτmab(ǫA
BγµJmC
A)ZCaDµZ
b
B − 2iτ
m
ab(ǫA
BγµJmAC)Z
CaDµZ
b
B . (C.25)
Using the fundamental identity kmnτ
m
(abτ
n
c)d = 0, (C.25) can be recast as
2i
3
(
ω[CDǫAB]γ
µJ ABm
)
τmab(DµZ
Ca)ZDb, (C.26)
which vanishes on account of the identity (C.17).
Finally, we need to take care of the ψZ5 terms; they are given by (C.9) and the last
two lines of (C.7): (We denote them as O(Z5).)
O(Z5)
≡
i
10
CmnpǫABJ
mCBµnADµ
pD
C
−
3i
5
(τmτn)[ab]ǫABJ
mCB(ZaDZ
AbµnDC + Z
DaZbDµ
nA
C).
+
i
3
[(τmτn)[ab] +
1
2
Cmnpτ
p
ab]ǫAB
(
JmCBZaCZ
b
Dµ
nDA − 2JmBCZaCZ
b
Dµ
nDA
+2JmCDZaCZ
BbµnD
A − 4JmCDZaDZ
BbµnC
A
)
. (C.27)
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Notice that some terms are proportional to (τmτn)[ab], while the rest are proportional to
Cmnpτ
p
ab. However, using the identity
12
Cmnpτ
n
cdτ
p
ab = (τmτn)[ca]τ
n
bd + (τmτn)[da]τ
n
cb + (τmτn)[db]τ
n
ac + (τmτn)[cb]τ
n
ad, (C.28)
we are able to recast (C.27) so that every term is proportional to (τmτn)[ab]:
O(Z5)
=
2i
15
(ǫABJ
mCB)(τmτn)[ab](3Z
a
CZ
b
Dµ
nDA + 4ZaDZ
DbµnAC + 5Z
AaZbDµ
nD
C)
+
i
3
(ǫABJ
mBC)(τmτn)[ab](−3Z
a
CZ
b
Dµ
nDA + ZaDZ
DbµnAC − Z
AaZbDµ
nD
C)
+
i
3
(ǫABJ
mCD)(τmτn)[ab](Z
AaZbCµ
nB
D − 5Z
AaZbDµ
nB
C − Z
AaZBbµnCD). (C.29)
We now have to prove that (C.29) vanishes. To simplify the task, let us introduce some
shorthands
X1 ≡ (ǫABJ
mCB)(τmτn)[ab]Z
a
CZ
b
Dµ
nDA,
X2 ≡ −(ǫABJ
mCB)(τmτn)[ab]Z
a
DZ
DbµnAC ,
X3 ≡ (ǫABJ
mCB)(τmτn)[ab]Z
AaZbDµ
nD
C ,
Y1 ≡ (ǫABJ
m
C
C)(τmτn)[ab]Z
a
DZ
BbµnDA,
Y2 ≡ (ǫABJ
mBC)(τmτn)[ab]Z
AaZbDµ
nD
C ,
Y3 ≡ (ǫABJ
mBC)(τmτn)[ab]Z
a
DZ
DbµnAC ,
Y4 ≡ (ǫABJ
mBC)(τmτn)[ab]Z
a
CZ
b
Dµ
nDA,
Y5 ≡ (ǫABJ
mCD)(τmτn)[ab]Z
BaZbDµ
nA
C ,
Y6 ≡ (ǫABJ
mCD)(τmτn)[ab]Z
AaZBbµnCD,
Y7 ≡ (ǫABJ
mCD)(τmτn)[ab]Z
AaZbCµ
nB
D. (C.30)
In terms of the shorthands, (C.29) reads
O(Z5) =
2i
15
(3X1 − 4X2 + 5X3) +
i
3
(−3Y4 + Y3 − Y2) +
i
3
(Y7 + 5Y5 − Y6). (C.31)
To prove that (C.31) vanishes, we need to establish some connections between the quantities
defined in (C.30). Taking account of the identity (C.13) and (C.17), we have
0 = ω[BEωCFωDG](ǫA
EJmCB)(τmτn)[ab]Z
FaZGbµnDA, (C.32)
0 = (ω[CDǫAB]J
mDB)(τmτn)[ab]Z
CaZbEµ
nEA, (C.33)
0 = (ω[CDǫAB]J
mCE)(τmτn)[ab]Z
AaZBbµnDE , (C.34)
12This identity can be proved as follows:
Cmnpτ
n
cdτ
p
ab = [τm, τn]abτ
n
cd
= τmaeτn
e
bτ
n
cd − τnaeτm
e
bτ
n
cd
= −(τmτn)acτ
n
bd − (τmτn)adτ
n
cb + (τnτm)dbτ
n
ac + (τnτm)cbτ
n
ad.
In the third line, we have used the fundamental identity kmnτ
m
(abτ
n
c)d = 0. Substituting (τmτn)ab =
(τmτn)[ab]+
1
2
Cmnpτ
p
ab (see (C.8)) into the last line, and simplifying the expression, one obtains the identity
(C.28).
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which can be simplified to give
0 = (2X1 −X2) + (−2Y1 − Y3 − 2Y4 + 2Y5 + 2Y7), (C.35)
0 = (X1 −X3) + (−Y1 + Y2 − Y4), (C.36)
0 = 2Y2 + Y3 + Y6 − 2Y7, (C.37)
respectively. On the other hand, using (B.6), (C.8), and (C.28), we are able to decompose
Y1 as follows
2Y1 = Y2 − 3Y3 + 3Y4 − 3Y5 + 3Y6 + Y7. (C.38)
Combining (C.35), (C.36), and (C.31), one obtains
O(Z5) =
i
15
(6Y1 + 5Y2 + 13Y3 − 9Y4 + 9Y5 − 5Y6 − 11Y7). (C.39)
Plugging (C.38) into the above equation gives
O(Z5) =
4i
15
(2Y2 + Y3 + Y6 − 2Y7) = 0, (C.40)
which is nothing but the identity (C.37). This completes the proof that all ψZ5 terms
cancel.
In summary, we have
δǫS =
∫
d3x(iψ¯Aa γ
µ(δψ)IaA ∂µǫ
I). (C.41)
Hence the N = 5 super poincare currents are given by
jIµ = −iψ¯
A
a γµ(δψ)
Ia
A . (C.42)
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